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Abstract. For n, k 6 Z>q, let T n {k) be the alternating sums of the n-th powers of 
positive integers up to k — 1: T n (k) = Ylf=oi~ l)^ n - Following an idea due to Euler, we 
give the below formula for T n (k): 

(-l)*+i ^ /m „ „ n _, , E, 



1=0 



T n ( k) = x: Q^*"- 1 + ^ (i + (-i) fe+i ) » 

where are the Euler numbers. 



1. Introduction 

J. Bernoulli (1713) first discovered the method which one can produce those formulae 
for the sum Yl?=i I f° r an y natural numbers. The Bernoulli numbers are among 
the most interesting and important number sequences in mathematics. They first 
appeared in the posthumous work "ARS Conjectandi" (1713) by J. Bernoulli (1654- 
1705) in connection with sums of powers of consecutive integers. Bernoulli numbers 
are particularly important in number theory, especially in connection with Fermat's 
last theorem. The number sequences of Euler, Genocchi, Stirling and others, as well as 
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the tangent numbers, secant numbers, etc., are closely related to the Bernoulli numbers. 
Following an idea due to J. Bernoulli it was known that 

S n (k) = ^£( n+1 W +1-i ' cf.[l, 2, 3, 4], 
n i=o ^ 1 ' 

where Bi are Bernoulli numbers. Let n, k be positive integers (k > 1), and let 

T n (k) = -l n + 2 n - 3 n + 4 n - 5 n + ■ ■ ■ + (-l) fc - 1 (/e - l) n . 

In this paper we evaluate the alternating sums of powers of consecutive integers. Fol- 
lowing an idea due to Euler, we study a formula for T n (k): 

Tn(k) = £ (l)^^ + + ■ 

where E\ are the Euler numbers. 

2. Sums of powers 
Euler numbers are defined by the generating function as follows: 



n 00 xn 

(1) Git) = = e Et = J2 E n~ v \t\<n, 

n=0 

where we use the technique method notation by replacing E m by E m (m > 0), sym- 
bolically. Let x be the variable. Then we consider 

2 A „ , ,t n 



(2) F{t,x) = - n -^e* = Y,E n {x) 

By (1) and (2), we see that 



e* + l ^ v nl 

n=0 



oo / n / \ v n 

Tl \ „ „_u \ t 



F(t,x) = G(t)e^ = E E fc I - 



n=0 \fc=0 

From this, we derive 



k } I n\ 



E n (x) = J2(fjE k x n - k , 

n=0 ^ ' 
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which is called the Euler polynomials. Note that E n (0) = E n . From the definition of 
Euler numbers, we can derive the below relation: 

(3) (E + l) n + E n = 2<5o,n) where <5o, n is Kronecker Symbol . 

By (3), we easily see that E = 1, E x = — §, E 2 = 0, E 3 = \, ■ ■ ■ , E 2 k = 0. For any 
positive integer n, it is easy to show that 

oo oo n — 1 

(4) -2 J2(-l) l+n e (l+n)t + 2 ^{-l) l e lt = 2 ^{-l) l e lt . 

1=0 1=0 1=0 

From (1), (2) and (4), we derive 

oo oo / n-1 \ 

E ( B ™ + (-d" +1 ^m) -< = E 2 E*- 1 )''" ^- 

m=0 ' m=0 V Z=0 / 

Therefore we obtain the following theorem: 

Theorem 1. Let m,n be positive integers (n > 1). Then we have 

n-l 

-iVz m = 

2 



n—l 1 

£(-l)'l ra = ^((-l) n+1 E m (n) + Em) 



1=0 

That is, 



T m {n) = £ (7) E in ™-* + \ (1 + (-l)^ 1 ) 



£=0 

If n = 0(mod2) then 



1 m-l x s 

r m (n)+ix;(7)^ ra "'= o - 



3. Euler-Zeta function 
Let T(s) be the gamma function. Then we easily see that 

r( s )7 ^ r (*) ^ £^ + *) s 

Thus, we can define the Euler-zeta function follows: 
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Definition 2. For s G C, x G K. u>i£/i < x < 1, define 

00 (_ lln 00 f_i\n-l 

( E (^)=2V 1 J and, ( E (s) = ( E (s,l) = y2 s • 
Lemma 3. Foe s G C, we have 

Ce{s ' x) = W) 1 t " 1 TT^ dt 

From (2) and Lemma 3, we can derive the below Theorem 4. 
Theorem 4. Let n be the positive integer. Then we have 

( E (-n,x) = E n (x). 

Remark. From Theorem 4, we note that 

1 = £ (1) = Ce(0) = 2(1 - 1 + 1 - 1 + • • • ), 
X - = E 1 (l) = Ce(-I) = 2(1 - 2 + 3 - 4 + • • • ), 
= E 2 (l) = ( E (-2) = 2(1 2 - 2 2 + 3 2 - 4 2 + • • • ), 
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